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Abstract
A twenty–dimensional space of charged solutions of spin–2 equations is proposed.
The relation with extended (via dilatation) Poincare´ group is analyzed. Locally,
each solution of the theory may be described in terms of a potential, which can
be interpreted as a metric tensor satisfying linearized Einstein equations. Globally,
the non–singular metric tensor exists if and only if 10 among the above 20 charges
do vanish. The situation is analogous to that in classical electrodynamics, where
vanishing of magnetic monopole implies the global existence of the electro–magnetic
potentials. The notion of asymptotic conformal Yano–Killing tensor is defined and
used as a basic concept to introduce an inertial frame in General Relativity via
asymptotic conditions at spatial infinity. The introduced class of asymptotically
flat solutions is free of supertranslation ambiguities.
1 Introduction
The linearized Einstein equations describing weak gravitational field can be formulated
in terms of the metric tensor (see Section 2) or, in terms of the Weyl tensor, as a spin–2
field (see Section 3). Both formulations are globally equivalent if the topology of the
spacetime is trivial. However, the linearized Einstein theory can only be applied in the
asymptotically flat region, which has a nontrivial topology (a tube containing the strong
field region has to be removed from Minkowski space). In this case both formulations are
no longer globally equivalent. Similarly as in classical electrodynamics, where the van-
ishing of magnetic monopoles in topologically non–trivial regions implies the existence of
magnetic vector–potential ([1], [2]), the necessary and sufficient condition for the equiva-
lence of the two formulations of the linearized gravity is the vanishing of certain charges
which we introduce in Section 4.
The new charges result in a natural way from a geometric formulation of the “Gauss
law” for the gravitational charges, defined in terms of the Riemann tensor. We present
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this formulation in Section 5. It leads to the notion of the conformal Yano–Killing tensor.
A conformal Yano–Killing (CYK) equation (30) posseses twenty–dimensional space of
solutions for flat Minkowski metric in four–dimensional spacetime (n = 4). There is
no obvious correspondence between ten–dimensional asymptotic Poincare´ group and the
twenty–dimensional space of CYK tensors. Only half of them (the four–momentum vector
pµ and the angular momentum tensor jµν) are Poincare´ generators. This situation is
analogous to that of electrodynamics, where, in topologically non–trivial regions, we have
two charges (electric + magnetic) despite the fact that the gauge group is one–dimensional.
Let us notice, that for n = 2 (n is a dimension of spacetime) the space of solutions of the
equation (30) is infinite and for n = 3 the corresponding space is only four–dimensional.
Possible dimensions we summarize in a table:
dimension of spacetime n = 2 n = 3 n = 4
dimension of (pseudo)euclidean group 3 6 10
dimension of conformal group ∞ 10 15
dimension of space of CYK tensors ∞ 4 20
The above table shows that there is no obvious relation between CYK tensors and the
group.
On the other hand, in the case n = 4, it is possible to connect CYK tensors with
eleven–dimensional group of Poincare´ transformations enlarged by dilatation (pseudo–si-
milarity transformations). Eleven–dimensional algebra (space of Killing vectors) of this
group allows us to construct (via the wedge product) all the CYK tensors in Minkowski
spacetime.
A natural application of the above construction to the description of asymptotically
flat spacetimes is proposed in sections 6 and 7. It allows us to define an asymptotic charge
at spatial infinity without supertranslation ambiguities. The existence or nonexistence of
the corresponding asymptotic CYK tensors can be chosen as a criterion for classification
of asymptotically flat spacetimes. For example, the Taub–NUT spacetimes [13] can be
excluded assuming that the corresponding conserved quantity vanishes. Similarly, the
Demian´ski solution [14] corresponds to a non–vanishing charge d and can also be excluded
this way (see Section 4).
We stress that the new 10 charges introduced in the present paper are different from
10 exact gravitationally–conserved quantities at null infinity, considered by E.T. Newman
and R. Penrose [8]. The situation at null infinity (which we do not analyze in our paper)
is much more delicate than the one at spatial infinity. To extend our definition to the
null infinity, we will probably have to assume additional asymptotic conditions which
guarantee the existence of the asymptotic CYK tensor.
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2 Linearized gravity
Linearized Einstein theory (see e.g. [5] or [4]) can be formulated as follows. Einstein
equation
2Gµν(g) = 16πTµν
give, after linearization:
hµα
;α
ν + hνα
;α
µ − hµν
;α
α − (η
αβhαβ);µν − ηµν [hβα
;αβ − hα
α;β
β ] = 16πTµν (1)
where pseudoriemannian metric gµν = ηµν + hµν , ηµν is the flat Minkowski metric, “;”
denotes four–dimensional covariant derivative with respect to the metric ηµν .
It is useful to define the following object:
Hµανβ := hανηµβ + ηανhµβ − hµνηαβ − ηµνhαβ + hγγ(η
µνηαβ − ηανηµβ)
which fulfills the following identities:
Hµανβ = Hνβµα = H [µα][νβ] Hµ[ανβ] = 0
The equation (1) may be rewritten as:
Hµανβ ;αβ = 16πT
µν (2)
Let Σ = {x0 = const.} be a spacelike hyperplane. We can define the energy–momentum
vector pµ:
16πpµ := 16π
∫
Σ
T µ0 =
∫
Σ
Hµα0β,αβ =
∫
Σ
Hµα0k,αk =
∫
∂Σ
Hµα0k,αd
2Sk (3)
and the angular momentum tensor jµν :
16πjµν := 16π
∫
Σ
J µν0 = 16π
∫
Σ
(xµT ν0 − xνT µ0) =
=
∫
∂Σ
(xµHνα0k,α − x
νHµα0k,α +H
µk0ν −Hνk0µ)d2Sk (4)
where
J µνκ := xµT νκ − xνT µκ ; J µνκ,κ = 0 (5)
Here (xµ) is a global (pseudo-)cartesian coordinate system in the Minkowski space. With-
out coordinates, we may relate the above quantities to the Poincare´ group generators:
Tµ =
∂
∂xµ
, Lµν = xµ
∂
∂xν
− xν
∂
∂xµ
(where xµ = ηµνx
ν)
The index “µ” in (3) refers to a translation Killing field T and “µν” in (4) refers respec-
tively to a generator L of proper Lorentz transformations.
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We have also conservation laws:
d
dt
pα +
∫
∂Σ
T αkd2Sk = 0
d
dt
jµν +
∫
∂Σ
J µνkd2Sk = 0
Equation (1) is invariant with respect to the “gauge” transformation:
hµν → hµν + ξµ;ν + ξν;µ (6)
where ξµ is a covector field.
The 3+1 decomposition of (1) gives 6 dynamical equations for the space–space com-
ponents hkl of the metric (latin indices run from 1 to 3) and 4 equations which do not
contain time derivatives of hkl. It is convenient to introduce the “ADM–momentum” P
kl,
by the following formula (for full nonlinear theory see [3]):
2Λ−1Pkl = h˙kl − (h0k|l + h0l|k) + ηkl(2h0
m
|m − h˙) (7)
where h := ηklh
kl , Λ := (det ηkl)
1/2, the symbol “|” denotes the three–dimensional covari-
ant derivative and dot means, as usual, the time derivative. This way the 6 dynamical,
second order equations can be written as the system of 12 first order (in time) equations:
P˙kl =
Λ
2
(
hkl
|m
m + h|kl − h
m
k|ml − h
m
l|km + h
0
0|kl − ηklh
0
0
|m
m
)
+ 8πΛTkl (8)
h˙kl = 2Λ
−1(Pkl −
1
2
ηklP ) + h0k|l + h0l|k (9)
where P = ηklPkl.
The constraint equations can be written as follows:
P kl|l = −8πΛT
0k (10)
hkl|kl − h
|k
k = 16πT
00 (11)
Equations (10) and (11) are called the vector constraint and the scalar constraint respec-
tively. As a consequence of (6) and (7) the gauge splits also into its time–like component
ξ0 which acts on Pkl:
Λ−1Pkl → Λ
−1Pkl − ξ0|kl + ηklξ0
|m
m
and a three–dimensional gauge ξk acting on the three–metric:
hkl → hkl + ξl|k + ξk|l
The Cauchy data (gkl, P
kl) in Σ are equivalent to (gkl, P
kl
) if they can be related by the
gauge transformation with ξµ vanishing on ∂Σ. The evolution of canonical variables P
kl
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and hkl given by equations (8 – 9) is not unique unless the lapse function (h
0
0) and the
shift vector (h0k) are specified.
To describe the dynamics we take as an example the volume V ⊂ Σ contained between
the two spheres of radius r0 and r1 respectively:
V = K(0, r0, r1)
We are interested in exterior vacuum solutions so we are assuming that Tµν = 0 in V .
Limiting cases r0 → 0 and/or r1 →∞ will also be considered. We use radial coordinates
in V : y3 = r, y1 = θ, y2 = φ (spherical angles (yA) A = 1, 2). Moreover, y0 = x0 denotes
the time coordinate.
The entire gauge–independent information about the state of the gravitational field
(hkl, P
kl) is contained in the Riemann tensor Rµνλκ which, in linear approximation, can
be expressed in the following way by hµν
2Rµνλκ = hµκ;νλ + hνλ;µκ − hνκ;µλ − hµλ;νκ (12)
Let a denotes the two–dimensional Laplace–Beltrami operator on a unit sphere S(1).
Moreover, H := ηABhAB, χAB := hAB −
1
2
ηABH , S := η
ABPAB, SAB := PAB −
1
2
ηABS
according to the notation used in [6].
The following four objects built from the Riemann tensor can be expressed in terms
of the Cauchy data:
x = r2ηACηBDRABCD = 2h
33 + 2rh3C ||C + r
2χAB ||AB − (rH), 3 −
1
2
aH (13)
X = 2Λr2ηACηBDR0DAB;C = 2r
2SAB ||AB + 2rP
3A
||A + aP
33 (14)
y = r2εACR03AC = 2Λ
−1r2P 3A||BεAB (15)
Y = 2Λr2εACηBDR3BCD;A = Λ(a+ 2)h
3A||BεAB − r
2(ΛχCA||CBε
AB), 3 (16)
where on each sphere S(r) we denote by εAB the Levi–Civita antisymmetric tensor such
that Λε12 = 1 and by “||” the two–dimensional covariant derivative related to the two–
metric ηAB.
We are ready now to rewrite equations (3) and (4):
16πp0 =
∫
∂V
Λ(h3k |k − h
|3) =
∫
∂V
Λ
r
[
2h33 − (rH), 3
]
=
∫
∂V
Λ
r
x (17)
16πpz = −2
∫
∂V
P 3z = −2
∫
∂V
[
P 33 cos θ + P 3A(r cos θ),A
]
=
= 2
∫
∂V
(
rP 3A||A − P
33
)
cos θ =
∫
∂V
X cos θ (18)
16πsz := 16πjxy = −2
∫
∂V
P 3φ = −2
∫
∂V
P 3A(r
2εAB cos θ)||B =
5
= 2
∫
∂V
r2P 3A||Bε
AB cos θ =
∫
∂V
Λy cos θ (19)
16πjz0 + 16πtpz =
∫
∂V
Λ
(
rH0k03|k cos θ −H
030z
)
=
∫
∂V
Λx cos θ (20)
where (x, y, z) are cartesian coordinates on Σ (x = r sin θ cosϕ, y = r sin θ sinϕ, z =
r cos θ) and we show only typical components of four–vector pµ and tensor jµν .
We decompose the four objects x,y,X,Y into the monopole part, the dipole part and
the radiation (wave) part. It can be easily checked that constraint equations (10) and
(11) imply a specific radial dependence of the monopole and the dipole part:
r2ηACηBDRABCD =
4m
r
+
12k
r2
+ x (21)
2Λr2ηACηBDR0DAB;C = Λ
12p
r2
+X (22)
r2εACR03AC =
12s
r2
+ y (23)
2Λr2εACηBDR3BCD;A = Y (24)
where x, X, y, Y are monopole– and dipole–free, m is a number (which we identify
with the monopole function on S(1)) and k, p, s are three–dimensional vectors which we
identify with the dipole functions on S(1). Let us notice that the monopole part of y and
dipole part of Y vanish because of the last equalities in (15) and (16) but not from the
definition in terms of the Riemann tensor. This observation will be analyzed in section 3.
Field equations given in Appendix imply the following time dependence of the charges:
m˙ = p˙ = s˙ = 0
k˙ = p
The dynamical part of the field is described by the four radiative degrees of free-
dom x,X,y,Y. We proved in [6] that Einstein equations are equivalent to the following
dynamical equations:
X˙ = Λ△x
Y˙ = Λ△y
Λx˙ = X
Λy˙ = Y
(where by △ we denote the three–dimensional Laplacian) or – equivalently – to the pair of
wave equations for the “true degrees of freedom” x and y. We have shown in [6] that the
variables x,X,y,Y contain the entire gauge–free information about the unconstrained
degrees of freedom.
6
3 Spin–2 field
We summarize the standard formulation of a spin–2 field Wµανβ . This field can be inter-
preted as a Weyl tensor of linearized gravity (see [7] or [19]).
Wµανβ =Wνβµα = W[µα][νβ] , Wµ[ανβ] = 0 , Wαβ = W
µ
αµβ = 0
The above properties define spin–2 field.
The ∗–operation has the following properties:
(∗W )αβγδ =
1
2
εαβµνW
µν
γδ
(W ∗)αβγδ =
1
2
Wαβ
µνεµνγδ
(∗W ∗)αβγδ =
1
4
εαβµνW
µνρσερσγδ
∗W =W ∗ , ∗(∗W ) = ∗W ∗ = −W
and ∗W is called dual spin–2 field.
Field equations:
∇[λWµν]αβ = 0
are equivalent to
∇µWµναβ = 0
or
∇[λ
∗Wµν]αβ = 0
or
∇µ ∗Wµναβ = 0
We have already assumed that T µν = 0, so the Riemann tensor Rµναβ is equal to the Weyl
tensor Wµναβ . Let us introduce the following special solution of the above equations for
which the radiative degrees of freedom x, X, y, Y vanish:
4m
r
+
12k
r2
= x Λ
12p
r2
= X
12s
r2
= y 0 = Y
WBC0A = −
3
r2
εBC
(
s,A
r
− εA
Dp,D
)
WAB03 =
6
r4
εABs
7
W3A30 =
3
r2
(
εA
Ds,D
r
+ p,A
)
W3AB0 =
3
r4
εABs
W3030 = −
2
r3
(
m+
3k
r
)
W0A03 =
3
r3
k,A
WABCD =
2
r3
(
m+
3k
r
)
(ηACηBD − ηADηBC)
W3AB3 = −W0AB0 =
ηAB
r3
(
m+
3k
r
)
WBC3A = −
3
r3
εBCεA
Dk,D
where Wµνλκ is a spin–2 tensor in the flat Minkowski space.
It can be easy verified that the following metric tensor hµν (“potential”) gives the
above spin–2 field (as a solution of equation (12))
h00 =
2m
r
+
2k
r2
h0A = −6p,A−
2
r
εA
Bs,B
h03 = −
6p
r
h33 =
2m
r
+
6k
r2
(25)
or in cartesian coordinates (xk):
h00 =
2m
r
+
2kmx
m
r2
h0k = −
6pk
r
−
2
r3
εklms
lxm
hkl =
xkxl
r2
(
2m
r
+
6kmx
m
r3
)
(26)
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Applying linearized Einstein equation (1) to the metric tensor (26) we obtain the corre-
sponding energy–momentum tensor as a distribution located in origin:
T 00 = mδ − kmδ,m
T 0k = pkδ +
1
2
ǫkmlslδ,m
T kl = 0 (27)
where by δ we have denoted the three–dimensional Dirac’s delta and ǫkml is a three–
dimensional antisymmetric tensor (ǫxyz = 1).
4 New charged solution
The theory presented in the previous Section has interesting charged solutions which do
not admit any global metric tensor as a “potential”. This situation is very similar to
the one in electrodynamics where the magnetic monopole solution does not admit any
nonsingular, global vector potential.
Without assuming the existence of the “global potential” hµν for the field Wµναβ , we
can have a non–vanishing monopole charge b in y and a non–vanishing dipole charge d
in Y. We have the following nonvanishing components of the Weyl tensor:
4b
r
= y
12d
r2
= Y
WCD3A =
3
r2
εCDd,A
W0A30 = −
3
r2
εA
Cd,C
s˙ = d
WB03A =
b
r3
εAB
WAB03 =
2b
r3
εAB
b˙ = 0
The above monopole charge b corresponds to the so called “NUT charge” (see [11]). It is
also called the dual mass (see [12]). Both charges satisfy the Gauss law:∫
S(r)
(ry),3= 0
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as a consequence of
(ry),3+r
3εCDWCD0A||Bη
AB = 0
and ∫
S(r)
(Y cos θ),3= 0
from
(Y),3+2r
2ΛεBCW 3AB3||CA = 0
The potentials can, however, be introduced locally. If we want to extend their definition for
the entire spacetime, we end up necessarily with a “wire singularity”. The nonvanishing
component of such a singular metric for the above monopole solution equals:
h0φ = 4b cos θ
If we choose the dipole d parallel to the z–axis i.e. d = d cos θ then the nonvanishing
component of the corresponding singular metric for the dipole solution is the following:
hθφ = 2rd sin θ cos θ or hrθ = 2d(sin
2 θ ln tan
θ
2
− cos θ)
The above form of the potential hµν corresponds to the linearized part of the Demian´ski
solution [14] or rather to the “special Demian´ski solution” and d is the so called Demian´ski
parameter c (see [15] on pp. 172–173). We propose to call the dipole d the Demian´ski
charge.
We can also introduce two more dipole charges q and w in y and x respectively:
6q = y 6w = x
WBC0A =
3
2r
εBCq,A
WAB03 =
3
r2
εABq
W3A03 =
3
2r
εA
Dq,D
W3AB0 =
3
2r2
εABq
d˙ = −q = s¨
q˙ = 0
W3030 = −
3w
r2
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W0A03 = −
3
2r
w,A
WABCD =
3w
r2
(ηACηBD − ηADηBC)
W3AB3 = −W0AB0 =
3w
2r2
ηAB
WBC3A =
3
2r
εBCεA
Dw,D
p˙ = −w = k¨
w˙ = 0
The charges q and w correspond to the metric tensors which do not vanish at spatial
infinity (hµν = O(1)).
The fully “charged” solution has the following form:
6w +
4m
r
+
12k
r2
= x Λ
12p
r2
= X
6q+
4b
r
+
12s
r2
= y Λ
12d
r2
= Y
WBC0A = εBC
(
3
2r
q,A+
3
r2
εA
Dp,D−
3
r3
s,A
)
WAB03 = εAB
(
3q
r2
+
2b
r3
+
6s
r4
)
W3A30 = −
3
2r
εA
Dq,D +
3
r2
p,A+
3
r3
εA
Ds,D
W3AB0 = εAB
(
3q
2r2
+
b
r3
+
3s
r4
)
W3003 =
3w
r2
+
2m
r3
+
6k
r4
WA003 =
3
2r
w,A−
3
r3
k,A−
3
r2
εA
Cd,C
WABCD =
(
3w
r2
+
2m
r3
+
6k
r4
)
(ηACηBD − ηADηBC) =
(
3w
r2
+
2m
r3
+
6k
r4
)
εABεCD
W3AB3 = −W0AB0 = ηAB
(
3w
2r2
+
m
r3
+
3k
r4
)
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W3ABC = εBC
(
3
2r
εA
Dw,D+
3
r2
d,A−
3
r3
εA
Dk,D
)
In terms of the so–called “electromagnetic” tensors ([7]):
Ekl = W0k0l Hkl =
1
2
W0kijǫ
ij
l Wklmn = −ǫkl
iǫmn
jEij
our solutions take the following form:
E33 =W0303 = −
(
3w
r2
+
2m
r3
+
6k
r4
)
E3A = W0A03 = −
3
2r
w,A+
3
r2
εA
Cd,C +
3
r3
k,A
EAB = W0A0B =
1
2
(
3w
r2
+
2m
r3
+
6k
r4
)
ηAB
H33 =
1
2
W03ABε
AB =
3q
r2
+
2b
r3
+
6s
r4
H3A =W3B03ε
B
A =
3
2r
q,A+
3
r2
εA
Cp,C −
3
r3
s,A
HAB = W0A3Cε
C
B = −
1
2
(
3q
r2
+
2b
r3
+
6s
r4
)
ηAB
5 Conformal Yano–Killing tensors
Let Qµν be an antisymmetric tensor field. Contracting the Weyl tensor W
µνκλ with Qµν
we obtain a natural object which can be integrated over two–surfaces. The result does
not depend on the choice of the surface if Qµν fulfills the following condition introduced
by Penrose (see [9] and [10]):
Qλ(κ;σ) −Qκ(λ;σ) + ησ[λQκ]
δ
;δ = 0 (28)
We can rewrite equation (28) in a generalized form for n–dimensional spacetime with
metric gµν :
Qλ(κ;σ) −Qκ(λ;σ) +
3
n− 1
gσ[λQκ]
δ
;δ = 0 (29)
It is easy to check that equation (29) is equivalent to the following one:
Qλκ;σ +Qσκ;λ =
2
n− 1
(
gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ
)
(30)
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The tensor which fulfills the last equation will be called a conformal Yano Killing tensor
(or simply CYK). The CYK tensor is a natural “conformal” generalization of the Yano
tensor (see [16] and [17]). More precisely, for any scalar function f > 0 and for a given
metric gµν equation (30) for Qµν and gµν is equivalent to the same equation for f
3Qµν and
the conformally related metric f 2gµν . It is interesting to notice, that the “square” Aµν of
our tensor Qµν :
Aµν := Qµ
λQλν
fulfills the following equation:
A(µν;κ) =
4
n− 1
g(µνQκ)
λQλ
δ
;δ (31)
which simply means that the symmetric tensor Aµν is a conformal Killing tensor.
For our purposes we need to specify the formulae (29) and (30) to the special case of
the flat four–dimensional Minkowski space (gµν = ηµν , n = 4). In this simple situation
the general solution of (30) or (28) assumes the following form in cartesian coordinates
(xµ):
Qµν = qµν + 2u[µxν] − εµνκλv
κxλ −
1
2
kµνxλx
λ + 2kλ[νxµ]xλ (32)
where qµν , kµν are constant antisymmetric tensors and uµ, vµ are constant vectors.
It is easy to verify that the charge given by Qµν is well defined. Indeed, we have:∫
∂V
W µνλκQλκdσµν =
∫
V
(W µνλκQλκ),ν dΣµ =
=
∫
V
(W µνλκ,ν Qλκ) +W
µνλκQλκ,ν )dΣµ = 0
where the first term vanishes because of the field equations and the second term vanishes
because of the symmetries of the Weyl tensor and because of equation (28). The above
equality implies that the flux of the quantity (W µνλκQλκ) through any two closed two–
surfaces S1 and S2 is the same if there is a three–volume V between them (i.e. if ∂V =
S1 − S2). We define the charge corresponding to the specific CYK tensor Q as the value
of this flux.
The above construction can be applied also to the dual ∗W . It turns out that we
do not get more charges from ∗W because the dual Q∗ has the same form (32) with the
following interchange:
q ←→ q∗ k ←→ k∗ u←→ v
where (Q∗)µν :=
1
2
εµν
λκQλκ.
Let us observe that the solutions (32) form a twenty–dimensional vector space. This
means that we have obtained 20 charges but only 14 remain when we pass to the limit at
spatial infinity assuming that W ∼ 1
r3
(the charge related to q is identically zero). I don’t
know any local argument (i.e. using only field equations) for the vanishing of this charge.
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Let D be a generator of dilatations in Minkowski space. We have the following commu-
tation relations between generators of pseudo–similarity group (Poincare´ group extended
by scaling transformation):
Tµ =
∂
∂xµ
, Lµν = xµ
∂
∂xν
− xν
∂
∂xµ
, D = xν
∂
∂xν
[Tµ, Tν ] = 0
[Tµ,Lαβ] = ηµαTβ − ηµβTα
[Tµ,D] = Tµ
[D,Lαβ] = 0
[Lµν ,Lαβ] = ηµαLβν − ηµβLαν + ηναLµβ − ηνβLµα
As we already know the charges k, s contain the information about jµν , m,p form a
four–vector pµ and similarly b,d form a dual four–vector bµ. More precisely the following
relations hold:
16πwµν :=
∫
∂Σ
W (Tµ ∧ Tν)
16πwz0 = 2
∫
S(r)
ΛW 03z0 = −
∫
S(r)
cos θ
r
(Λx),3
16πwxy = 2
∫
S(r)
ΛW 03xy = −
∫
S(r)
cos θ
r
(Λy),3
16π∗wµν :=
∫
∂Σ
∗W (Tµ ∧ Tν) =
∫
∂Σ
W ∗(Tµ ∧ Tν)
16π∗wz0 = 2
∫
S(r)
Λ∗W 03z0 =
∫
S(r)
Λ cos θεABWAB30+
+
∫
S(r)
Λr cos θεABWAB0C||Dη
CD = −
∫
S(r)
cos θ
r
(Λy),3
16πpµ :=
∫
∂Σ
W (D ∧ Tµ)
16πp0 = 2
∫
S(r)
ΛxµW 03µ0 = −
∫
S(r)
Λ
r
x
16πpz = 2
∫
S(r)
ΛxµW 03µz = 2
∫
S(r)
ΛtW 030z + ΛrW
03
3z = 16πtw0z +
∫
S(r)
X cos θ
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16πbµ :=
∫
∂Σ
∗W (D ∧ Tµ)
16πb0 = 2
∫
S(r)
Λxµ∗W 03µ0 = −
∫
S(r)
ΛrεABWAB30 =
∫
S(r)
Λ
r
y
16πbz = 2
∫
S(r)
Λxµ∗W 03µz = 2
∫
S(r)
Λt∗W 030z + Λr
∗W 033z = 16πt
∗w0z +
∫
S(r)
Y cos θ
16πjµν :=
∫
∂Σ
W (D ∧ Lµν −
1
2
η(D,D)Tµ ∧ Tν)
16πj0z = 2
∫
S(r)
Λxµ
(
rW 030µ cos θ + tW
03
zµ
)
−
∫
S(r)
ΛxµxµW
03
0z =
= −8π(r2 − t2)w0z − 16πtpz +
∫
S(r)
Λx cos θ
16πjxy = 2
∫
S(r)
Λxµ
(
W 03µyx−W
03
µyy
)
−
∫
S(r)
ΛxµxµW
03
0z =
= −8π(r2 − t2)wxy − 16πtbz +
∫
S(r)
Λy cos θ
16π∗jµν :=
∫
∂Σ
∗W (D ∧ Lµν −
1
2
η(D,D)Tµ ∧ Tν) =
∫
∂Σ
W ∗(D ∧ Lµν −
1
2
η(D,D)Tµ ∧ Tν)
The conservation law for the charge wµν is a consequence of field equations:∫
∂Σ
W µνλκdσµν =
∫
Σ
(W µνλκ),ν dΣµ = 0
For pµ and bµ we obtain the conservation laws from the following observation:∫
∂Σ
xλW µνλκdσµν =
∫
Σ
(
xλW µνλκ,ν +δ
λ
νW
µν
λκ
)
dΣµ = 0
(the same holds for ∗W ).
For jµν the corresponding identities are as follows:
∫
∂Σ
(xλW
µνλκxδ − xλW
µνλδxκ −
1
2
xλxλW
µνδκ)dσµν =
=
∫
Σ
(xλW
µνλκxδ − xλW
µνλδxκ −
1
2
xλxλW
µνδκ),ν dΣµ =
=
∫
Σ
(xλW
µδλκ − xλW
µκλδ − xλW
µλδκ)dΣµ =
=
∫
Σ
xλ(W
µδλκ +W µκδλ +W µλκδ)dΣµ = 0
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6 Asymptotically flat spacetimes
Consider an asymptotically flat spacetime (at spatial infinity), fulfilling the (complete non-
linear) Einstein equations. Suppose, moreover, that the energy–momentum tensor of the
matter vanishes around spatial infinity (“sources of compact support”). This means that
the Riemann tensor and the Weyl tensor do coincide outside of the world tube containing
the matter. Let us analyze, for simplicity, this situation in terms of an asymptotically flat
coordinate system (for nice geometric formulations of asymptotic flatness see e.g. [18] or
[11]). We suppose that there exists an (asymptotically Minkowskian) coordinate system
(xµ):
gµν − ηµν ∼ r
−b gµν,λ ∼ r
−b−1
where r :=
3∑
k=1
(xk)2 and typically b = 1 (but 1 ≥ b > 1
2
is also possible – see [21]).
For a general asymptotically flat (AF) metric we cannot expect that the equations
(28) and (30) admit any solution. Instead, we assume that the left–hand side of (28):
Qλκσ := Qλ(κ;σ) −Qκ(λ;σ) + gσ[λQκ]
δ
;δ
has a certain asymptotic behaviour at spatial infinity
Qµνλ ∼ r
−c (33)
On the other hand, suppose that Qµν behaves asymptotically as follows:
Qµν ∼ r
a Qλκ,σ ∼ r
a−1
Moreover, suppose that the Riemann tensor Rµνκλ behaves asymptotically as follows:
Rµνκλ ∼ r
−b−1−d
It can be easily checked (see e.g. [10]) that the vacuum Einstein equations imply the
following equality:
∇λ
(
∗R∗µλαβQ
αβ
)
= −
2
3
RµλαβQλαβ (34)
The left–hand side of (34) defines an asymptotic charge provided that the right–hand
side vanishes sufficiently fast at infinity. It is easy to check that, for this purpose, the
exponents b, c, d have to fulfill the inequality
b+ c+ d > 2 (35)
In typical situation when b = d = 1, the inequality (35) simply means that c > 0. In this
case a weaker condition is also possible (for example Qµνλ ∼ (ln r)
−1−ǫ with ǫ > 0).
Let us define an asymptotic conformal Yano–Killing tensor (ACYK) as an antisym-
metric tensor Qµν such that Qµνλ → 0 at spatial infinity. For constructing the ACYK
16
tensor we can begin with the solutions (32) in flat Minkowski space. Asymptotic be-
haviour at infinity of these flat solutions explain why we expect for any ACYK tensor the
following behaviour:
Qµν =
(2)Qµν +
(1)Qµν +
(0)Qµν
where (2)Qµν ∼ r
2, (1)Qµν ∼ r and
(0)Qµν ∼ r
1−c.
It is easy to verify that c ≥ b+ 1− a and if b = 1 than for a = 2 we have c ≥ 0. This
means that in a general situation there are no solutions of (33) with nontrivial (2)Qµν and
c > 0. This is the origin of the difficulties with the definition of the angular momentum.
On the other hand it is easy to check that the energy–momentum four–vector and the
dual one are well defined (a = c = 1) and the condition b + d > 1 can be easily fulfilled
(typically b = d = 1).
7 Strong asymptotic flatness
Here, we propose a new, stronger definition of the asymptotic flatness. The definition is
motivated by the above discussion.
Suppose that there exists a coordinate system (xµ) such that:
gµν − ηµν ∼ r
−1
Γκµν ∼ r
−2
Rµνκλ ∼ r
−3
In the space of ACYK tensors fulfilling the asymptotic condition
Qλ(κ;σ) −Qκ(λ;σ) + gσ[λQκ]
δ
;δ = Qλκσ ∼ r
−1 (36)
we define the following equivalence relation:
Qµν ≡ Q
′
µν ⇐⇒ Qµν −Q
′
µν = O(1) (37)
for r →∞. We assume that the space of equivalence classes defined by (36) and (37) has
a finite dimension D as a vector space. The maximal dimension D = 14 correspond to
the situation where there are no supertranslation problems in the definition of an angular
momentum. In the case of spacetimes for which D < 14 the lack of certain ACYK tensor
means that the corresponding charge is not well defined.
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Appendix — linear ADM equations
Linear Einstein equations are as follows:
2Λ−1P˙ 33 = −h00
||A
A − 2r
−1h00, 3 + h
33||A
A + 2r
−2h33 + 16πT 33+
+ (H, 3 − 2h
3A
||A − 2r
−1h33), 3 + 2r
−1(H, 3 − 2h
3A
||A − 2r
−1h33) (38)
2Λ−1P˙ 3C = (h00, 3 − r
−1h00)
||C +
1
2
(H, 3 − 2h
3A
||A − 2r
−1h33)||C − χAB||A, 3η
CB+
+ h3C||A||A + h
3A||C
||A − h
3A
||A
||C + 16πT 3C (39)
2Λ−1P˙AB = h
0
0||AB + ηAB(r
−1h00, 3 − h
0
0
|m
m) + [ηAB(
1
2
H, 3 − h
3A
||A − r
−1h33)], 3+
+2r−1ηAB(
1
2
H, 3 − h
3C
||C − r
−1h33) + (
1
2
H||C
C + r−2H)ηAB+
−(h3A||B + h
3
B||A − ηABh
3C
||C), 3 + h
33
||AB + r
−2ηABh
33+
+ (χCB, 3ηCA), 3 + χAB
||C
||C − χ
C
A||BC − χ
C
B||AC + 16πTAB (40)
h˙33 = Λ
−1(P 33 − S) + 2h03, 3 (41)
h˙3A = 2Λ−1P 3A + h03
||A + h0
A, 3 (42)
h˙AB = 2Λ
−1SAB − ηABΛ
−1P33 + h0A||B + h0B||A + 2r
−1ηABh03 (43)
h|ll − h
kl
|kl = (H, 3 − 2h
3A
||A − 2r
−1h33), 3 + 3r
−1(H, 3 − 2h
3A
||A − 2r
−1h33)+
+ h33||AA + 2r
−2h33 + (
1
2
H ||CC + r
−2H)− χAB ||AB = −16πT
00 (44)
P 33, 3 + P
3A
||A − r
−1S = 8πΛT03 (45)
P3A, 3 + PA
B
||B = P3A, 3 + SA
B
||B +
1
2
S||A = 8πΛT0A (46)
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